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Outline of a 20-minute Talk ( 24 slides )

The Governing Equations.

The Geometry of a Birdcage RF Coil.

The COMSOL Build for Two Meshes.

Mesh-1 ( All Tetra-10,  automatic ). 

Mesh-2 ( Mixed  Hexa-27 & Tetra-10 ).

Solution with  2  Metrics for Mesh-1 and -2.

Concluding Remarks.
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The Governing Equations.
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The Governing Equations.
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Highpass birdcage coil       Lowpass birdcage coil

Hybrid birdcage coil               

The Geometry of a Birdcage RF Coil.
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The Geometry of a Birdcage RF Coil.
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For a parametric mesh 
design, we introduce a 
new parameter named 
“refine.”   For a typical run, 
we set refine to be 0.85.

Mesh-1 ( All Tetra-10,  automatic ). 
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Typical Analysis Results for Finding Resonance Frequencies

A typical first resonance 
frequency at about 77.2 MHz

Mesh-1 ( All Tetra-10,  automatic ). 



Jeffrey T. Fong, NIST, Gaithersburg, MD 
20899 USA.  Tel: 1-301-975-8217                

Email: fong@nist.gov
910/10/2017

Typical Analysis Results for Finding S-Parameters

Mesh-1 ( All Tetra-10,  automatic ). 
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Mesh-1 ( All Tetra-10,  automatic ). 
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Mesh-1 ( All Tetra-10,  automatic ). 

We will compute S11 and R. Freq.
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For our first FEM 
modeling exercise with 
uncertainty 
quantification (UQ),
we choose two basic 
mesh designs, namely, 
all-tetra, and mixed 
(about 90 % hex, and 
10 % tetra).

For the all-tetra design,
we chose to make  5  
runs at refine = 0.95, 
0.90, 0.85, 0.80, and 
0.70.   Typical results 
for two refine values, 
0.90, and 0.70, are 
given on the right.

S11, a measurable parameter

S11 = - 3.79501 dB

S11 = - 3.80927 dB

Max. impedance

Max. impedance

Mesh-1 ( All Tetra-10,  automatic ). 
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What is a 

nonlinear least squares

logistic function fit ?

Ans.

What is a logistic function ? 
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What is a logistic function ? 
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Mesh-1 ( All Tetra-10,  automatic ). 



Jeffrey T. Fong, NIST, Gaithersburg, MD 
20899 USA.  Tel: 1-301-975-8217                

Email: fong@nist.gov
1610/10/2017

Mesh-1 ( All Tetra-10,  automatic ). 



Jeffrey T. Fong, NIST, Gaithersburg, MD 
20899 USA.  Tel: 1-301-975-8217                

Email: fong@nist.gov
1710/10/2017

d.o.f. not smooth, DISCARD 

Mesh-2 ( Mixed  Hexa-27 & Tetra-10 ).
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Mesh-2 ( Mixed  Hexa-27 & Tetra-10 ).
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Mesh-2 ( Mixed  Hexa-27 & Tetra-10 ).
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Comparison of Mesh-1 vs. Mesh-2 Predictions

Mesh-1 Predictions   vs.   Mesh-2 Predictions 
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Solution with Metric 1 & 2 for Mesh-1 and -2

- 0.54

- 0.54
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Solution with Metric 1 & 2 for Mesh-1 and -2

Mesh-1:  All-Tetra-10
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Solution with Metric 1 & 2 for Mesh-1 and -2

Definition

of a 
Relative Error Convergence (REC) Rate

Let    X,i =  (d.o.f.), I   ,        X,i+1  =  (d.o.f.), i+1  .
Let    x,i =  Log_10 (X,i)  ,   x,i+1  =  Log_10 (X,i+1)  .

Let      (Pct. Error),i+1  = 100 * (Y,i+1   - Y,i) / Y,i .

(REC Rate),i+1  =  { (Pct. Error),i+1 } / ( x,i+1  - x,i ) .
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Solution with Metric 1 & 2 for Mesh-1 and -2

Mesh-2:  Hex-27-Tetra-10

- 0.54
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Solution with Metric 1 & 2 for Mesh-1 and -2

Ref.:  Zienkiewicz and Taylor, 
2000, The Finite Element Method, 
Vol. 1: The Basis, 5th ed., pp. 365-370.  
Butterworth Heinemann (2000)
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Solution with Metric 1 & 2 for Mesh-1 and -2

The Winner

- 0.54

The Winner
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Concluding Remarks.

1. An accurate estimate of uncertainty in FEM-based solution is essential in 
verification (V1) and validation (V2) of the solution when FEM analysis is considered 
as a “numerical experiment.”

2.      To estimate uncertainty of FEM results due to 
(1) element type and mesh density, 
(2) mesh quality (e.g., mean aspect ratio, standard error of Jacobians, etc.), and
(3) solution platform (FEM codes), 
a nonlinear least squares logistic fit method has been shown to yield FEM results 
extrapolated to one billion degrees of freedom with a measure of 
uncertainty that is useful as a metric for assessing the accuracy of the FEM results.

3. For solving the resonance problem of an MRI birdcage RF coil, we chose to work with
two mesh designs, Mesh-1 (all tetra-10, automatic), and Mesh-2 (mixed hexa-27 
and tetra-10).  After running 5 or 6 solutions of each mesh, and fitting each with a 
4-parameter logistic function, the extrapolated S11 value to the infinite degrees of 
freedom and its uncertainty at one billion degrees of freedom for each mesh is given by

Mesh-1:   S11 = 3.84 dB (Unc =   3.3 %, RECR =  - 1.43;  seJ = 0.45 ).

Mesh-2:   S11 = 4.24 dB (Unc = 10.8 %, RECR =  - 0.54;  seJ = 0.55 ).

4. We conclude that Mesh-1 with less uncertainty, higher abs { rel. 

error convergence rate }, and a third metric named seJ (standard 

error of the Jacobian determinants), is now preferred over Mesh-

2 for being the more accurate solution estimates.   
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Disclaimer 

Certain commercial equipment, instruments,

materials, or computer software are identified in

this talk in order to specify the experimental or

computational procedure adequately. Such

identification is not intended to imply

recommendation or endorsement by the National

Institute of Standards & Technology, nor is it

intended to imply that the materials, equipment, or

software identified are necessarily the best

available for the purpose.
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During his 40+ years at NIST, he has conducted research, provided consulting services, 
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electromagnetic behavior, and failure analysis of a broad range of materials ranging from paper, 

ceramics, glass, to polymers, composites, metals, semiconductors, and biological tissues.  
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Since 2006, he has been Adjunct Professor of Mechanical Engineering and Mechanics at 
Drexel University and taught a graduate-level 3-credit course on “Finite Element Method 

Uncertainty Analysis.” Since Jan. 2010, he has given every 6 months an on-line 3-hour short 
course at Stanford University on “Reliability and Uncertainty Estimation of FEM Models of 

Composite Structures.”  In 2012, he was appointed Adjunct Professor of Nuclear and Risk 
Engineering at the City University of Hong Kong, and Distinguished Guest Professor at the 

East China University of Science & Technology, Shanghai, China, to teach annually a 1-

credit 16-hour short course on “Engineering Reliability and Risk Analysis.”


