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I d e Let C(x, t) denote the local resource availability or concentration. Conservation of the resource inside the
nt rO u Ct I O n computational domain is described by
ac qoedt C
The existence of a large external resource reservoir does not imply that a resource-dependent system can where D is the effective transport coefficient — =V (DVC(C) — x(r, z) 0 K. +C
sustain an arbitrarily large rate of consumption. A distinction must be made between the amount of resource ot L "
that exists and the rate at which that resource can be accessed, transported, and delivered to the region C . _ n(t) = no + (Mmax — Mo)(7T — &™),
where it is required. The present work develops a spatially resolved framework for investigating this Qcons(X: t) = X(X)qes(t) K +C is the local consumption rate, Jin = Racc(Coxt — C),
mechanism in a generic way: the transported quantity may represent matter, an energy carrier, nutrients, C(r, z, 0) = Cinit.
raw materials, or any other resource whose use requires transfer from an external reservoir toward a For the supposed efficiency, we adopt the bounded law —
localized consumer using a standard transport equation with a diffusion term together with a consumption N(t) = Mo + (Mmax — M0) (7T — e™),
sink region situated in a particular place inside the simulated domain. where n,and n ., are the initial efficiency and maximum possible attainable, and a determines the rate of

technological improvement.
The system combines three physical processes: internal redistribution of the resource, finite-rate access from

an external reservoir, and localized consumption driven by a time-dependent demand. Resource transfer across the external boundary is described by the Robin condition on the inward resource
fluxJ. :J.. =h, (C.,.C), and h,_ is an effective access or transfer coefficient.

Technological efficiency is subsequently incorporated to determine whether improved resource utilization e e

can eliminate the accessibility constraint or only postpone its onset. Finally, uncertainty is introduced into the The diffusion term redistributes the resource through the domain, whereas the sink term removes resource
external access rate in order to study how fluctuations in supply capacity propagate into the operational in the consumption region. The evolution is therefore controlled by the competition between spatial
ifetime ofthe system. replenishment and local extraction.

N | | =l Objective and Methodology

ccumo | o NI e | The central objective of the simulations is to determine whether a system connected to a permanently available external
NN | resource reservoir can nevertheless undergo operational depletion when the rate at which the resource can enter and

propagate through the system is finite. The external resource is therefore not assumed to disappear during the

simulation. Instead, the limitation arises from its finite accessibility. Within this framework, technological progress
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A NN < | e s modifies the amount of resource required to sustain a prescribed useful demand, while the physical transport mechanism
e W _me m meE % 05 0 B B i W e determines whether this requirement can actually be supplied to the consuming region. The complete computational
il workflow can therefore be represented schematically as )
— ST : s — ~ t physical and transport model - (-eVC-aC +7)=0
wcamir | T | G =Py ‘1 COMSOL time-dependent PDE solution
5 e l-l. — L ) - L ] j/" "- u
. Z L @ - f f MATLAB parameter control and stochastic forcing
R ' o ’ o L | -n-(-cVc-ac+y)=g-qC
) 03 ¢ ¥ ’ ;‘ - | U v:|:_x_%‘%]
S I | local, global, and spatial observables ——
el L i = |
oo 1(_-':"' - 7 --‘____.-- o | | u 9 | hacc*(Cext-C)/8
==~ , operational depletion time and statistical analysis.
oy, | -

Consumption is confined to a localized 3D or 2D region through a dimensionless spatial weighting function x(x), which
approaches unity in the consuming region and vanishes away from it with the appropriate boundary conditions. Resource
extraction must also decrease when the local resource availability becomes small. The theoretical model is first
formulated analytically. It is subsequently implemented as a time-dependent spatial problem in COMSOL Multiphysics®,
with LiveLink™ for MATLAB® used for parameter exploration, stochastic forcing, automated model execution, and
statistical post-processing, as it is schematized in the Fig. 5 below.

FIGURES 1 to 4 (from above-left to below-right): 1.-Temporal evolution of the central resource
availability for different technological-improvement rates. 2.- Global quantities calculated from the
numerical solutions. 3.- Total instantaneous resource consumption . 4.- Operational depletion time
as a function of the technological-improvement rate.
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finite transport rate + localized growing consumption =  persistent spatial resource gradient = local operational depletion. + rotation et Faki; irthgrale no flux ‘
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finite access and transport = local depletion =  spatial expansion of the depleted region. |resource abundance + certainty of resource accessibility. d_( )
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growing demand + bounded efficiency
+ finite resource accessibility
= operational depletion,

fluctuating accessibility > uncertainty in its timing, FIGURE 5.- Validation of the 3D vs. 2D representation of the central resource availability and global
inventory as a function of time and technological-improvement rate, together with the combination of
the COMSOL/MATLAB® analysis procedure.

external resource abundance =/ unlimited operational resource availability.

The results provides a direct numerical confirmation that technological improvement can delay operational depletion,
whereas faster improvement reduces cumulative resource extraction during the technological transient, preserving both
the internal inventory and the concentration in the consuming region.

LA a0 e

» UNIVERSIDAD Matematica

[1] R. Kimmel, Entropy and the limits of growth, Entropy 26 (6) 484, 2024. . ,
- - DEGRANADA Aplicada

[2] D.H. Meadows, D.I. Meadows, J. Randers, WW. Behrens, The Limits to Growth,
Universe Books, 1972.

&

[3] D.H. Meadows, J.. Rgnders, D.I. Meadows, Limits to Growth, The 30-Year Update, IENEEYFY  CEMDATIC
Chelsea Green Publishing, 2004.

Excerpt from the Proceedings of the COMSOL Conference 2026 Cambridge


mailto:prodelas@ugr.es
mailto:em.moreno@upm.es



